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Abstract
We introduce a simple geometric method of determining which abstract branch data can be realized
by branched coverings of the two-dimensional sphere S2 (the Hurwitz problem). Using this method
we show the realizability of some classes of data.  2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
Let M,N be closed connected surfaces and let f :M→N be a continuous map. We call
f a branched (ramified ) covering of degree d > 1, if there exist a finite number of points
v1, . . . , vn ∈ N , such that f |M\f−1({v1,...,vn}) is a covering of N \ {v1, . . . , vn} of degree d
and for every i = 1, . . . , n there exist ki > 0 points ci,1, . . . , ci,ki ∈M and positive integers
di,1, . . . , di,ki such that:
• di,j > 1 for some j ∈ {1, . . . , ki},
• ∑kij=1 di,j = d ,
• for every j = 1, . . . , ki the map f on some open neighborhoodUi,j ⊂M of ci,j , with
f (ci,j )= vi , is conjugate to the map z → zdi,j + z0 on C near z= 0.
Thus, each branched covering f defines a table of positive integers D(f ) = [di,j ]i,j for
i = 1, . . . , n, j = 1, . . . , ki , which is called the branch data of f . Let ν(vi)=∑kij=1(di,j −
1)= d − ki and define the total branching of f as ν(f )=∑ni=1 ν(vi).
E-mail address: baranski@mimuw.edu.pl (K. Baran´ski).
1 Supported by Polish KBN Grant No 2 P03A 009 17, Foundation for Polish Science and the Centre de Recerca
Matemàtica in Bellaterra.
0166-8641/01/$ – see front matter  2001 Elsevier Science B.V. All rights reserved.
PII: S0166-8641(00)0 00 94 -8
280 K. Baran´ski / Topology and its Applications 116 (2001) 279–291
Definition 1. An abstract branch data D of degree d > 1 is a table of positive integers
[di,j ](i,j)∈I , where
I = I (D)= {(i, j): i = 1, . . . , n, j = 1, . . . , ki}
for some n = n(D) > 0 and k1 = k1(D), . . . , kn = kn(D) > 0, such that for every i = 1,
. . . , n:
• di,j > 1 for some j ∈ {1, . . . , ki},
• ∑kij=1 di,j = d .
We assume that for each i the numbers di,1, . . . , di,ki are ordered in a non-increasing way.
Let νi(D) =∑kij=1(di,j − 1) = d − ki , k(D) =∑ni=1 ki = #I (here and in the sequel #
denotes cardinality) and define ν(D)=∑ni=1 νi(D) to be the total branching of D. Note
that the definition implies 1 νi(D) d − 1.
We consider a question of which abstract branch data D can be realized by a branched
covering f :M → N for some closed connected surfaces M,N , i.e., when does there
exist a branched covering f :M → N such that D(f ) = D. This problem was studied
by Hurwitz in the classical work [5]. He proved that realizability is equivalent to finding
a set of permutations in the symmetric group Σd of d symbols satisfying some algebraic
conditions. However, practically it is not easy to check for which abstract branch data such
permutations can be found. There are some necessary conditions for realizability, the most
important one is the Riemann–Hurwitz formula:
χ(M)= dχ(N)− ν(D), (1)
where χ is the Euler characteristic. Moreover, ν(D) must be even.
If χ(N)  0 then these conditions are also sufficient, i.e., for any closed connected
surface N with χ(N) 0 and any abstract branch dataD of degree d with even ν(D) there
exist a closed connected surface M with Euler characteristic given by (1) and a branched
covering f :M → N of degree d such that D(f ) = D. This was proved by Husemoller
in [6] (the orientable case) and by Ezell in [3] (the non-orientable case). The complete
proof is given also in [2] together with a detailed discussion on the subject. Moreover,
in [2] it is proved that if N is the projective plane, then an abstract branch data D of
degree d is realizable by a branched covering f :M → N if and only if ν(D) is even and
ν(D) d − 1. In this way the problem is essentially reduced to the most complicated case
when N is the two-dimensional sphere S2.
From now on, we assume N = S2. In this case the Hurwitz solution of the realizability
problem is as follows. Let Σd be the group of all permutations of the set {1, . . . , d}. An
abstract branch data D = [di,j ](i,j)∈I (D) of degree d > 1 is realizable if and only if there
exist permutations α1, . . . , αn(D) ∈Σd such that:
• for every i = 1, . . . , n(D) the action of αi on {1, . . . , d} has exactly ki(D) orbits of
lengths respectively di,1, . . . , di,ki (D),
• α1 · · ·αn(D) = 1 in Σd ,
• 〈α1, . . . , αn(D)〉 acts transitively on {1, . . . , d}.
However, it is not easy to determine which given branch data is realizable by a branched
covering of the sphere. By (1), the condition ν(D) 2d − 2 is necessary for realizability.
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But there exist a lot of non-realizable data with ν(D) 2d−2 and ν(D) even. In fact, such
examples can be found for any non-prime number d . On the other hand, the realizability
is proved for some classes of data. Suppose that for an abstract data D = [di,j ](i,j)∈I (D)
the necessary conditions ν(D) 2d − 2 and ν(D)≡ 0 mod 2 are satisfied. If there exists
i such that ki(D)= 1 (which implies di,1 = d), then D is realizable. If for some i we have
ki(D)= 2, di,1 = d − 1, di,2 = 1, then D is realizable if and only if (up to a permutation of
the indices i) D is not of the form
• [[2,2], . . . , [2,2], [3,1]] (provided d = 4, n(D) 3) or
• [[2, . . . ,2], [2, . . . ,2], [d − 1,1]] (provided d even, n(D)= 3).
An exact answer is also known in the case
D= [[d1,1, . . . , d1,k1], [d2,1, . . . , d2,k2], [m,1, . . . ,1]].
Moreover, every data with d  2, d = 4, is realizable provided ν(D) is even and
ν(D)  3(d − 1). On the other hand, for any non-prime number d , if d = ab for some
positive integers a, b > 1, then D = [[a, . . . , a], [b + 1,1, . . . ,1], [a, a(b − 1)]] satisfies
ν(D)= 2d − 2 but is not realizable. All mentioned above facts were proved in [2].
It is not known whether every abstract branch data D with ν(D) 2d − 2 and ν(D)≡
0 mod 2 is realizable provided d is prime. (The direct computations show this holds for
d = 2,3,5,7.) By algebraic techniques from [2], it would be sufficient to prove this in the
case n(D)= 3.
This paper studies the case M = N = S2. Then by (1), every realizable data satisfies
ν(D)= 2d − 2. Apart from the results described above, it is known that in this case a data
of the form [[x, d − x], [2, . . . ,2], [2, . . . ,2]] with d = 2r , x  r is realizable if and only
if x = r (see [2]). In [4], an equivalent algebraic condition for realizability (different from
the Hurwitz one) is given, which leads to some particular examples of non-realizable data.
Moreover, a direct checking shows that provided ν(D)= 2d − 2, all branch data of degree
d = 2,3,5,7 are realizable and for d = 4 there is only one non-realizable data (up to a
permutation of the indices i), namely [[3,1], [2,2], [2,2]].
From now on, assume M =N = S2 and consider only abstract branch data with ν(D)=
2d − 2. Note that in this case D = [di,j ](i,j)∈I (D) is realizable if and only if there exists
an (unbranched) covering f of degree d from a domain U ⊂ C with boundary consisting
of k(D) disjoint Jordan curves βi,j , (i, j) ∈ I (D) onto a domain V ⊂ C with boundary
consisting of n(D) disjoint Jordan curves δi , i = 1, . . . , n(D), such that f extends to ∂U
and f |βi,j is a covering of δi of degree di,j for every i, j .
By the use of the quasiconformal technique and the measurable Riemann theorem one
can easily show that if D is realizable by a branched covering f :S2 → S2 of degree d ,
then it is also realizable by a rational map of degree d on the Riemann sphere Ĉ. Hence,
in this case the realizability problem is equivalent to a problem of existence of rational
maps with given degrees and combinatorics of critical points and values. Note also that
this rational map is a polynomial if and only if there exists i such that di,1 = d . Hence, the
results of [2] described above imply that every abstract “polynomial” branch data can be
realized. This was also proved much earlier by Thom in [7].
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Definition 2. A rational branch data of degree d > 1 is an abstract branch data D =
[di,j ](i,j)∈I (D) of degree d such that ν(D)= 2d − 2. Define
I ′(D)= {(i, j) ∈ I (D): di,j > 1}, I ′i (D)= {j : (i, j) ∈ I ′(D)}.
Set also k′i (D)= #I ′i (D) and k′(D)=
∑n(D)
i=1 k′i (D)= #I ′(D).
Definition 3. A polynomial branch data of degree d is a rational branch data D of degree
d such that ki(D)= 1 for some i ∈ {1, . . . , n(D)} (which implies di,1 = d).
Remark 4. By definition, for a rational branch data of degree d we have n(D)d =∑
I (D) di,j = 2d − 2+ k(D), so k(D)= n(D)d − 2d + 2.
In this paper (Section 2) we introduce a simple, purely geometric method of determining
which rational branch data are realizable. Using this, in Section 3 we present a new proof
of the polynomial realizability and indicate that this implies the straightening lemma for
“refined” polynomial-like maps. In Section 4 we prove the realizability of some classes of
rational branch data. In particular, we show:
• (Theorem 12) Every rational branch dataD = [di,j ](i,j)∈I (D) of degree d is realizable
provided n(D) d .
• (Corollary 15) Every rational branch data D = [di,j ](i,j)∈I (D) of degree d is real-
izable provided di,j  2 for every i, j and νi(D)√d/2 for every i .
Notation. The closure and boundary of a set U will be denoted by clU , ∂U respectively.
We write D for the open unit disc in C and D"(z) for the open disc in C centered at z of
radius ". A topological disc is a set homeomorphic to D. The number of elements of a set
A is denoted by #A. To avoid confusion in notation, we write i for the imaginary unit.
2. Geometric condition for realizability
Let D = [di,j ](i,j)∈I (D) be a rational data of degree d . We develop the following
combinatorial method of determining whether D is realizable. Consider a unit circle ∂D in
C with points
xi,l = exp
(
2π i
(
n(D)l + i)/(n(D)d)), i = 1, . . . , n(D), l = 1, . . . , d.
We say that each point xi,l is colored by color i .
Lemma 5. D is realizable if and only if there exist 2d − 2 curves γi,m ⊂ C, i =
1, . . . , n(D), m= 1, . . . , νi(D), homeomorphic to [0,1] such that:
• For every i,m the endpoints of γi,m are two distinct points of color i and all other
points of γi,m are outside ∂D,
• For every (i1,m1) = (i2,m2) either γi1,m1 and γi2,m2 are disjoint or intersect at
exactly one point which is their common endpoint (in the latter case i1 = i2),
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Fig. 1. The curves γi,m for the branch data [[2,2], [2,2], [2,2]] (left) and [[2,2], [3,1], [3,1]] (right).
In the first case Γi,j = γi,j for i = 1,2,3, j = 1,2 and in the second one Γ1,1 = γ1,1, Γ1,2 = γ1,2,
Γ2,1 = γ2,1 ∪ γ2,2, Γ3,1 = γ3,1 ∪ γ3,2.
• The set ⋃i,m γi,m has exactly k′(D) connected components Γi,j , (i, j) ∈ I ′(D), such
that each Γi,j is contractible and consists of exactly di,j − 1 curves γi,m.
Proof. Suppose there exist the suitable curves γi,m. Let K = ∂D ∪⋃i,m γi,m. Since K
is connected and there are 2d − 2 curves γi,m, the set Ĉ \ K has exactly 2d connected
components and all of them are simply connected. Denote by Ai,l ⊂ ∂D the closed arc
of length 2π/(n(D)d ) beginning at the point xi,l and ending at the next colored point in
the counter-clockwise order. The properties of the curves γi,m easily imply that if U is a
component of Ĉ \K , then for every i there exists l such that Ai,l ⊂ ∂U . Hence, ∂U ∩ ∂D
contains n(D) disjoint arcs of length 2π/(n(D)d ). This implies that exactly d components
of Ĉ \K are inside the unit disc (denote them by U+s , s = 1, . . . , d ) and the same number
are outside (denote them by U−s , s = 1, . . . , d). Moreover, for every s and every i there
exists exactly one l such that Ai,l ⊂ ∂U±s . See Fig. 1.
Since each Γi,j is contractible, we can shrink it to one point of color i , i.e., take a
continuous map H of C homotopic to the identity, such that H is a homeomorphism
outside
⋃
i,m γi,m and H(Γi,j ) is a point ci,j ∈ C for every (i, j) ∈ I ′(D). Note that
each Γi,j contains exactly di,j points of color i , so the number of points of color i in
∂D \⋃i,m γi,m is equal to d −⋃j∈I ′i (D) di,j = ki(D)− k′i (D). Denote the images under H
of these points by ci,j for k′i (D) < j  ki(D). In this way we have defined the points ci,j
for (i, j) ∈ I (D). Say that each point ci,j has color i .
Let L=H(K) and V±s =H(U±s ). Then L is a curve with branch points at ci,j , (i, j) ∈
I ′(D) and every ci,j lies in the boundary of exactly di,j domains V+s and di,j domains V−s ,
such that L near ci,j is homeomorphic to {z ∈C: Arg(z)= 2πl/(2di,j ), l = 1, . . . ,2di,j }
near 0. Moreover, each V ±s is simply connected and its boundary is a Jordan curve with
exactly one point of color i for i = 1, . . . , n(D), situated in counter-clockwise order for
V+s and in clockwise order for V −s . See Fig. 2.
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Fig. 2. The image of Fig. 1 after shrinking the curves Γi,j to points ci,j .
Let
vi = exp
(
2π ii/n(D)), i = 1, . . . , n(D). (2)
Let f map L onto ∂D such that the boundary of each V ±s is mapped homeomorphically
onto ∂D and each point of color i is mapped onto vi . Then we can extend f to a branched
covering of Ĉ of degree d , such that every domain V+s is mapped homeomorphically onto
D and every domain V −s is mapped homeomorphically onto Ĉ \ clD. It is clear that f
realizes the branch data D.
Suppose now that D is realizable by a branched covering f of Ĉ. Composing f with a
suitable homeomorphism of Ĉ, we can assume that the branch values vi are situated as in
(2). Let L= f−1(∂D) and f−1(vi)= {ci,1, . . . , ci,ki (D)}. Since Ĉ \L does not contain any
critical points, it consists of 2d simply connected components V ±s , s = 1, . . . , d , and clV +s
(respectively clV −s ) is mapped by f homeomorphically onto clD (respectively Ĉ \ D).
In particular, the boundary of each V ±s is a Jordan curve containing exactly one point of
color i for i = 1, . . . , n(D), situated in counter-clockwise or clockwise order respectively.
Say the points ci,j have color i . Note that each ci,j lies in the boundary of exactly 2di,j
components V ±s .
We will make 2d − 2 modifications of the curve L near its branch points ci,j , (i, j) ∈
I ′(D), defining a sequence of curves Lr , r = 0, . . . ,2d − 2, such that L0 = L and the
complement of Lr has 2d − r connected components. At each step we define a new point
of color i in Lr and a new curve γi,m homeomorphic to [0,1], lying outside Lr except
of its endpoints which are two distinct points of color i , such that γi,m are either pairwise
disjoint or intersect only at one common endpoint.
We proceed by induction on r . Suppose we have defined the curve Lr . Consider a
small neighborhood of a branch point ci,j ∈ Lr . Suppose that ci,j lies in the boundary
of exactly 2d(r)i,j components of Ĉ \Lr for some 1 < d(r)i,j  di,j . Denote these components
by V1, . . . , V2d(r)i,j . For simplicity, assume that ci,j ∈C and
Lr ∩Dε(ci,j )=
{
ci,j + " exp
(
2π is/
(
2d(r)i,j
))
: " ∈ [0, ε), s = 1, . . . ,2d(r)i,j
}
for some small ε > 0, such that Vs  ci,j + ε exp(2π i(s − 1/2)/(2d(r)i,j )). See Fig. 3.
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Fig. 3. The modification of the curve Lr near the point ci,j . The curves γi,m are indicated as the
dotted lines.
We show that there exists 1 < s0 < 2d(r)i,j such that
Vs0−1 = Vs0+1. (3)
To see it, suppose V1 = V3 = V (otherwise we take s0 = 2). This easily implies that
V ∪ {ci,j } separates V2 from all domains Vs , s = 2, so V2 = V4 (note that 2d(r)i,j  4 by
assumption). Hence, in this case we can take s0 = 3. In this way we have proved (3).
For simplicity, assume that if Vs0 contains some curves γi,m ending at ci,j defined
at previous steps of the construction, then the intersection of each of these curves with
Dε(ci,j ) is a straight line segment joining ∂Dε(ci,j ) to ci,j .
Let
Lr+1 =
(
Lr \
(
∂Vs0 ∩Dε/2(ci,j )
))
∪ {ci,j + (ε/2) exp(2π iθ/(2d(r)i,j )): θ ∈ [s0 − 1, s0]}.
Then Ĉ \ Lr+1 has exactly 2d − r − 1 components: V˜s0 = Vs0 \ clDε/2(ci,j ), V˜ =
Vs0−1 ∪Vs0+1 ∪ (clVs0 ∩Dε/2(ci,j ))\ {ci,j } and 2d− r−3 components of Ĉ\Lr different
from Vs0−1,Vs0,Vs0+1. It is clear that V˜s0 is simply connected and (3) easily implies that
V˜ is simply connected. Hence, Lr+1 is connected. Moreover, ci,j lies in the boundary of
exactly 2d(r+1)i,j = 2d(r)i,j − 2 components of Ĉ \Lr+1.
Let x = ci,j + (ε/2) exp(2π i(s0 − 1/2)/(2d(r)i,j )) ∈ Lr+1 be a new point of color i . If
Vs0 contained some curves γi,m ending at ci,j defined at previous steps of the construction,
modify them so that the intersection of each of them with Dε(ci,j ) is a straight line segment
joining ∂Dε(ci,j ) to x . Connect x to ci,j by a straight line segment γ = γi,p+1, where p is
the number of curves γi,m ending at ci,j defined at previous steps of the construction. See
Fig. 3.
By construction, L2d−2 is connected and Ĉ \ L2d−2 has exactly two components, so
L2d−2 is a Jordan curve. Moreover, it is easy to see that L2d−2 contains
∑
j di,j = d points
of each color i = 1, . . . , n(D), ordered as the points xi,l in Lemma 5 and connected by
2d − 2 curves γi,m. Since for every (i, j) ∈ I ′(D) we made exactly di,j − 1 modifications
near ci,j , it follows that
⋃
i,m γi,m has exactly k′(D) components Γi,j , (i, j) ∈ I ′(D),
such that Γi,j consists of di,j − 1 curves γi,m. Change the coordinates on Ĉ such that
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L2d−2 = ∂D and colored points have the appropriate positions. Then, by construction, the
curves γi,m satisfy the conditions from Lemma 5 for the data D. ✷
3. The polynomial case
Using the method described in the previous section we give here a new geometric proof
of the realizability of all polynomial branch data.
Theorem 6. Every polynomial data is realizable.
Proof. Let D = [di,j ](i,j)∈I (D) be a polynomial branch data of degree d . Permuting the
indices i , we can assume dn(D),1 = d . To use Lemma 5, we will construct the suitable
curves γi,m. It is obvious that we can connect all d points of color n(D) by d − 1 curves
γn(D),1, . . . , γn(D),d−1 homeomorphic to [0,1], lying outside the closed unit disc, pairwise
disjoint up to their endpoints and such that γn(D),m connects xn(D),m to xn(D),m+1. Hence,
it is sufficient to prove that we can connect points of colors i = 1, . . . , n(D)−1 by suitable
d − 1 curves γi,m inside the unit disc.
The proof is by induction on d . The case d = 2 is trivial. Suppose we have a polynomial
branch data D = [di,j ](i,j)∈I (D) of degree d > 2 with dn(D),1 = d . For simplicity, write n,
ki , k
′
i instead of n(D), ki(D), k′i(D) respectively. We show that there exists i0 < n such
that
k′i < ki for every i = i0, n. (4)
Suppose the converse. Then there exist i1, i2 < n such that i1 = i2 and k′i1 = ki1 , k′i2 = ki2 .
This implies di,j  2 for i = i1, i2, so 2ki ∑j di,j = d for i = i1, i2. Hence,
2d − 2 = ν(D) νi1(D)+ νi2(D)+ νn(D)= 3d − 1− ki1 − ki2  2d − 1,
which is a contradiction. Thus, (4) holds. Permuting the indices i assume i0 = n− 1. Then
by (4), for every i < n− 1 we have di,ki = 1 (because di,1  · · · di,ki ).
Let
j0 =max
{
j ∈ {1, . . . , kn−1}: dn−1,j > 1
}
.
Consider a branch data D˜ = [d˜i,j ](i,j)∈I (D˜) defined in the following way. In the case
νn−1(D) > 1 set n(D˜) = n, ki(D˜) = ki − 1 for i < n − 1, ki(D˜) = ki for i ∈ {n− 1, n},
d˜i,j = di,j for i < n − 1, j  ki(D˜) and i = n − 1, j = j0, d˜n−1,j0 = dn−1,j0 − 1 and
d˜n,1 = d − 1.
In the case νn−1(D)= 1 (then j0 = 1 and dn−1,j0 = 2) set n(D˜)= n− 1, ki(D˜)= ki − 1
for i < n− 1, kn−1(D˜)= 1, d˜i,j = di,j for i < n− 1, j  ki(D˜) and d˜n−1,1 = d − 1. It is
easy to check that in both cases D˜ is a polynomial branch data of degree d − 1.
Consider ∂D with points xi,l , i = 1, . . . , n(D˜), l = 1, . . . , d − 1, as in Lemma 5.
By induction, for D˜ there exist d − 2 suitable curves γ˜i,m, i = 1, . . . , n(D˜) − 1, m =
1, . . . , νi (D˜) inside the unit disc connecting points of colors i = 1, . . . , n(D˜)− 1. Let Γ˜i,j
be suitable components of
⋃
i,m γ˜i,m.
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Choose a point xn−1,l0 ∈ ∂D in the following way. If dn−1,j0 > 2, then νn−1(D) > 1,
n(D˜) = n and j0 ∈ I ′n−1(D˜). In this case take xn−1,l0 to be a point of color n − 1 in
Γ˜n−1,j0 . In the case dn−1,j0 = 2, νn−1(D) > 1 we have n(D˜) = n and j0 /∈ I ′n−1(D˜), so
k′n−1(D˜) < kn−1(D˜). Note that
⋃
m γ˜n−1,m contains exactly∑
j∈I ′n−1(D˜)
d˜n−1,j = d − 1−
∑
j /∈I ′n−1(D˜)
d˜n−1,j
= d − 1− (kn−1(D˜)− k′n−1(D˜))< d − 1
points of color n − 1. In this case take xn−1,l0 to be a point of color n − 1 disjoint from⋃
m γ˜n−1,m. We are left with the case νn−1(D)= 1. Then n(D˜)= n− 1. In this case take
xn−1,l0 be any point of color n− 1.
Rotating the unit circle, we can assume l0 = d − 1. Add n − 1 new points x1,d , . . . ,
xn−1,d ∈ ∂D situated in counter-clockwise order between xn(D˜),d−1 and x1,1. It is clear
that we can connect xn−1,d−1 to xn−1,d by a new curve γ inside the unit circle, such that
γ \ {xn−1,d−1} is disjoint from all γ˜i,m. By construction, if we set γi,m = γ˜i,m for i  n(D˜),
m νi(D˜) and γn−1,νn−1(D) = γ , then γi,m, i  n, m νi(D) (up to a homeomorphism of
C), are the suitable curves for the branch data D. This ends the proof. ✷
We would like to indicate some consequence of the polynomial realizability in the theory
of polynomial-like maps (see [1] for definitions and properties). Namely, we can state the
straightening lemma for “refined” polynomial-like maps.
Definition 7. Let Vi , i = 1, . . . , n, be bounded disjoint topological discs in C, such
that ∂Vi are smooth pairwise disjoint Jordan curves. Suppose that for every i there
exist ki disjoint topological discs Ui,j , j = 1, . . . , ki , such that clUi,j ⊂ Vi for every j
and ∂Ui,j are smooth pairwise disjoint Jordan curves. Let f :
⋃
i,j Ui,j →
⋃
i Vi be a
proper holomorphic map extendable to the boundary, such that for every i, j there exist
l(i, j) ∈ {1, . . . , n} and a positive integer di,j , such that f |∂Ui,j is a covering of ∂Vl(i,j) of
degree di,j . Suppose there exist positive integers di , i = 1, . . . , n, such that
• ∑j : l(i,j)=l di,j = di for every i, l ∈ {1, . . . , n},
• ki = (n− 1)di + 1 for every i ∈ {1, . . . , n}.
Then we call f a refined polynomial-like mapping of degree d =∑ni=1 di .
Let K(f )=⋂n0 f−n(⋃i,j Ui,j ) be the filled-in Julia set of f .
Remark 8. The definition is formulated so that it is possible to conjugate f to a
polynomial p of degree d . Then the first condition says that p−1(
⋃
i Vi)=
⋃
i,j Ui,j and
the second one is necessary because of the Riemann–Hurwitz formula.
Corollary 9 (Refined straightening lemma). Every refined polynomial-like mapping f
of degree d is hybrid equivalent to a polynomial p of degree d , i.e., there exists a
quasiconformal homeomorphism h of Ĉ which is conformal almost everywhere on K(f )
and conjugates f to p.
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Proof. Let V = D"(0) for some " > 1, such that V ⊃ ⋃i clVi and define V˜i (respec-
tively U˜i,j ) to be a topological disc with smooth Jordan boundary, such that V˜i ⊃ clVi (re-
spectively U˜i,j ⊃ clUi,j ) and ∂V˜i (respectively ∂U˜i,j ) is close to ∂Vi (respectively ∂Ui,j ).
Set A= V \⋃i clVi , Ai = Vi \⋃j clUi,j , A˜= V \⋃i cl V˜i , A˜i = Vi \⋃j cl U˜i,j .
Fix i ∈ {1, . . . , n}. Note that if di,j = 1 for every j ∈ {1, . . . , ki}, then by definition,
ndi = ki = (n − 1)di + 1, so di = 1, ki = n. Hence, in this case Ai is homeomorphic
to A, so there exists a C1 diffeomorphism gi : clAi
onto−→ clA consistent with f on ∂Ui,j ,
j = 1, . . . , ki . Suppose now there exists j ∈ {1, . . . , ki} such that di,j > 1. Let
Li =
{
l ∈ {1, . . . , n}: there exists j such that l(i, j)= l and di,j > 1
}
.
For simplicity, assume Li = {1, . . . , n0} for some n0  n. Define
Ii =
{
(l,m): l = 1, . . . , n0, m= 1, . . . ,#
{
j : l(i, j)= l}}.
Renumber di,j for j such that l(i, j) n0 to d˜l,m, (l,m) ∈ Ii in such a way that d˜l,m = di,j
for some j such that l(i, j) = l and d˜l,1  d˜l,2  · · · . By the definition of f , it is easy
to check that Di = [d˜l,m](l,m)∈Ii is a polynomial branch data of degree di . Let pi be a
polynomial of degree di realizing Di and let Wi be Ĉ with removed closures of small
n+ 1 topological discs with pairwise disjoint smooth Jordan boundaries around ∞, all n0
critical values of pi and some n−n0 non-critical values of pi . Composing pi |p−1i (Wi) with
a suitable C1 diffeomorphism, we can define a covering map gi : A˜i
onto−→ A˜ of degree di ,
such that gi |∂U˜i,j is a covering of ∂V˜l(i,j) of degree di,j and gi |∂Vi is a covering of ∂V
of degree di . Extend gi to clAi in a C1 way, such that gi |clAi is a covering of clA of
degree di , consistent with f on ∂Ui,j , j = 1, . . . , ki . In the similar way define a C1 map
g : clA onto−→ clD"d (0) \V , such that g has one critical point of multiplicity n− 1 in A, g =
gi on ∂Vi and g(z)= zd on ∂V . Setting g = f on ⋃i,j Ui,j , g = gi on Ai and g(z)= zd
on Ĉ \ V , we extend g to a C1 branched covering of Ĉ of degree d , holomorphic outside
clA∪⋃i clAi , such that clg( Ĉ\clV )⊂ Ĉ\clV and g(g(g(clA∪⋃i clAi)))⊂ Ĉ\clV .
Define a g-invariant conformal structure µ setting
µ=


µ0 on Ĉ \ clV ,
(gn)∗(µ0) on g−n( Ĉ \ clV ),
µ0 else,
where µ0 is the standard structure. By construction, µ ∈ L∞, so by the measurable
Riemann theorem (see [1]), there exists a quasiconformal homeomorphism h of Ĉ such
that h ◦ g ◦ h−1 is a polynomial p of degree d . Then f is hybrid equivalent to p. ✷
4. The rational case
Now we show the realizability of some classes of rational branch data. Proposition 10
was also proved in [2].
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Proposition 10. Let D = [di,j ](i,j)∈I (D) be a rational branch data of degree d . If there
exists a set K ⊂ {1, . . . , n(D)}, such that ∑i∈K νi(D)= d − 1, then D is realizable.
Proof. We can assume K = {1, . . . , r} for some r < n(D). Let
D1 =
[[d1,1, . . . , d1,k1(D)], . . . , [dr,1, . . . , dr,kr (D)], [d]],
D2 =
[[dr+1,1, . . . , dr+1,kr+1(D)], . . . , [dn(D),1, . . . , dn(D),kn(D)(D)], [d]].
ThenD1,D2 are polynomial branch data of degree d , so by the proof of Theorem 6, we can
connect points of colors i ∈K by suitable d − 1 curves inside the unit disc and points of
colors i /∈K by suitable d − 1 curves outside the closed unit disc. There is no interference
between the curves inside and outside, because they join points of different colors. By
Lemma 5, D is realizable. ✷
Proposition 11. If a rational branch data D = [di,j ](i,j)∈I (D) of degree d is realizable
and (i0, j0) ∈ I (D), then the rational branch data D1 = [d(1)i,j ](i,j)∈I (D1) of degree d + 1
is realizable, where n(D1) = n(D)+ 1, ki(D1) = ki(D) for i  n(D), kn(D)+1(D1) = d ,
d
(1)
i,j = di,j for (i, j) ∈ I (D)\{(i0, j0)}, d(1)i0,j0 = di0,j0 +1, d
(1)
n(D)+1,1 = 2 and d(1)n(D)+1,j = 1
for j = 2, . . . , d .
Similarly, if D is realizable, then the rational branch data D2 = [d(2)i,j ](i,j)∈I (D2) of
degree d + 1 is realizable, where n(D2) = n(D) + 2, ki(D2) = ki(D) for i  n(D),
kn(D)+1(D2)= kn(D)+2(D2)= d , d(2)i,j = di,j for (i, j) ∈ I (D), d(2)n(D)+1,1 = d(2)n(D)+2,1 = 2
and d(2)
n(D)+1,j = d(2)n(D)+2,j = 1 for j = 2, . . . , d .
Proof. We prove the realizability of D1 (the proof for D2 is analogous). Let γi,m be the
curves from Lemma 5 corresponding to D. If di0,j0 > 1, choose l0 ∈ {1, . . . , d} such that
xi0,l0 ∈ Γi0,j0 . If di0,j0 = 1, let l0 = d . For simplicity, assume i0 = n(D), l0 = d . Add
n(D) new points x1,d+1, . . . , xn(D),d+1 ∈ ∂D situated in counter-clockwise order between
xn(D),d and x1,1 and add another d + 1 new points xn(D)+1,1, . . . , xn(D)+1,d+1 ∈ ∂D, such
that xn(D)+1,l lies between xn(D),l and x1,(lmod (d+1))+1. Now we can connect xn(D),d to
xn(D),d+1 by a new curve γ inside the unit disc and xn(D)+1,d to xn(D)+1,d+1 by another
curve γ̂ outside the closed unit disc, such that γ \ {xn(D),d}, γ̂ are disjoint from all γi,m.
Then
⋃
i,m γi,m ∪ γ ∪ γ̂ (up to a homeomorphism of C) form the suitable family of curves
for the data D1. By Lemma 5, D1 is realizable. ✷
Theorem 12. Let D = [di,j ](i,j)∈I (D) be a rational branch data of degree d with n(D)
d . Then D is realizable.
Proof. We proceed similarly as in the proof of Theorem 6, using induction on d . The case
d = 2 is obvious. Consider a data D of degree d > 2 with n(D) d . For simplicity, write
n, ki , k
′
i instead of n(D), ki(D), k′i (D) respectively. Suppose there exist i1 = i2 such that
k′i1 = ki1 , k′i2 = ki2 . Then di,j  2 for i = i1, i2, so 2ki 
∑
j di,j = d for i = i1, i2. This
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implies νi(D) = d − ki  d/2 for i = i1, i2, where the equality holds if and only if d is
even and di,j = 2 for all j . Hence,
2d − 2 = ν(D) νi1(D)+ νi2(D)+ n− 2 2d − 2,
so we must have d even, n= d , di,j = 2 for i = i1, i2, j  1 and i = i1, i2, j = 1, di,j = 1
for i = i1, i2, j > 1. Then D is realizable by Proposition 10.
Therefore, we can assume that there exists i0 such that k′i < ki for every i = i0, which
implies di,ki = 1 for i = i0. Note that if νi(D) = 1 for every i  n, then n = 2d − 2
and D is realizable by Proposition 10. This implies that changing i0 if necessary, we
can additionally assume νi0(D) > 1. Note also that νi′0(D)= 1 for some i ′0 = i0, because
otherwise 2d − 2 = ν(D)  2n  2d . For simplicity, assume i0 = n − 1, i ′0 = n. Then
νn−1(D) > 1, νn(D)= 1 and di,ki = 1 for i = n− 1. Let j0 =max{j : dn−1,j > 1}.
Define a branch data D˜ = [d˜i,j ](i,j)∈I (D˜) setting n(D˜) = n − 1, ki(D˜) = ki − 1 for
i < n − 1, kn−1(D˜) = kn−1, d˜i,j = di,j for i < n− 1, j  ki(D˜) and i = n − 1, j = j0,
d˜n−1,j0 = dn−1,j0 − 1. It is easy to check that D˜ is a rational branch data of degree
d − 1. Moreover, n(D˜) = n − 1  d − 1. Hence, D˜ is realizable by induction. Applying
Proposition 11 for the data D˜, we get the realizability of D. ✷
To prove the next result, we need the following lemma:
Lemma 13. Let Rd = {z ∈C: zd = 1} and let A,B ⊂Rd . If #A ·#B < d , then there exists
z ∈Rd , such that zA∩B = ∅ (where zA= {za: a ∈A}).
Proof. Suppose that for every z ∈ Rd there exists a(z) ∈A such that za(z) ∈ B . Since Rd
has d elements there exists b ∈ B such that b = za(z) for k disjoint points z ∈ Rd with
k  d/#B . Hence, there are k disjoint points b/z= a(z) ∈A, so #A k  d/#B . ✷
Theorem 14. LetD = [di,j ](i,j)∈I (D) be a rational branch data of degree d . Suppose there
exist a set K ⊂ {1, . . . , n(D)}, a number i0 ∈ {1, . . . , n(D)} \K and a set J ⊂ I ′i0(D) such
that
• ∑i∈K νi(D)+∑j∈J (di0,j − 1)= d − 1,
• ∑j∈J di0,j∑j∈I ′i0 (D)\J di0,j < d .
Then D is realizable.
Proof. We can assume K = {1, . . . , r} for some r < n(D). Let
D1 =
[[d1,1, . . . , d1,k1(D)], . . . , [dr,1, . . . , dr,kr (D)],D1, [d]],
D2 =
[[dr+1,1, . . . , dr+1,kr+1(D)], . . . , [dn(D),1, . . . , dn(D),kn(D)(D)],D2, [d]],
where D1 consists of numbers di0,j , j ∈ J and d −
∑
j∈J di0,j ones and D2 consists of
numbers di0,j , j ∈ I ′i0(D) \ J and d −
∑
j∈I ′i0 (D)\J
di0,j ones, suitably ordered. Then by
the first assumption of the theorem,D1,D2 are polynomial branch data of degree d . By the
proof of Theorem 6, we can draw suitable d−1 curves joining points of colors i ∈K ∪{i0}
according to the dataD1 inside the unit disc and d−1 curves joining points of colors i /∈K
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according to the data D2 outside the closed unit disc. Note that for colors i = i0 there is
no interference between curves inside and outside. Moreover, there are exactly
∑
j∈J di0,j
points of color i0 connected by curves inside the unit disc and exactly
∑
j∈I ′i0 (D)\J
di0,j
points of color i0 connected by curves outside the unit disc. By the second assumption
of the theorem and Lemma 13, we can rotate all curves inside the unit circle by an angle
2πs/d for some s ∈ {1, . . . , d}, so that curves joining points of color i0 inside the unit disc
will be disjoint from curves joining points of color i0 outside the unit disc. Then these
curves correspond to the data D, so D is realizable by Lemma 5. ✷
Corollary 15. Let D = [di,j ](i,j)∈I (D) be a rational branch data of degree d , such that
di,j  2 for every i, j and νi(D)
√
d/2 for every i . Then D is realizable.
Proof. Let K = {1, . . . , r}, where r = max{p: ∑pi=1 νi(D)  d − 1}. If ∑i∈K νi(D) =
d−1, then D is realizable by Proposition 10. If∑i∈K νi(D) < d−1, let i0 = r+1 and let
J = {1, . . . , q}, where q = d − 1−∑ri=1 νi(D). Then the first assumption of Theorem 14
is obviously satisfied. To check the other one, note that∑
j∈J
di0,j
∑
j∈I ′i0 (D)\J
di0,j = 4q
(
k′i0(D)− q
)
< 2
(
k′i0(D)
)2 = 2(νi0(D))2  d.
By Theorem 14, D is realizable. ✷
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